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Abstract
We consider normal projective n-dimensional varieties X whose anticanonical
divisor class −K is ample and where every Weil divisor is a rational multiple of
K. The index i is the largest integer such that K/i exists as a Weil divisor . We
show (i) if X has log-terminal singularities and locally, 1-forms on Xsmooth extend
holomorphically to a resolution, then (−K)n ≤ (max(in, n+1))n; (ii) if the tangent
sheaf of X is semistable, then (−K)n ≤ (2n)n. The proof is based on some elemen-
tary but possibly surprising slope estimates on sheaves of differential operators on
plurianticanonical sheaves. Unlike previous arguments in the smooth case (Nadel,
Campana, Kollar-Miyaoka-Mori), rational curves and rational connectedness are
not used. Actually, the proof yields the stronger result that bounds as above hold
on the ’local degree’ of (X,−K), and as such the bound in case (ii) is sharp.
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Introduction
1
2Our purpose is to give some boundedness results for Q-Fano varieties of Picard
number 1. We begin with some basic definitions. Recall that a Q-Fano variety
is by definition a normal projective variety X such that the anticanonical divisor
class −K = −KX is Q-Cartier and ample. For such X we define the (Weil, resp.
Cartier) index i = i(X) (resp. iC = iC(X)) to be the largest (resp. smallest)
integer such that KX/i (resp. iCKX) exists as a Weil (resp. Cartier) divisor (see
[R] for a discussion of Weil divisors and reflexive sheaves, and also Lemma 2 below)
, the divisor class group N(X) to be the group of Weil divisors modulo rational
equivalence, and the Picard number ρ = ρ(X) to be the rank of N(X). When
ρ = 1, X is said to be unipolar; note that in this case the singularities of X are
automatically Q-factorial. We will say that X is t-factorial, for a natural number t,
if for every Weil divisor L, tL is Cartier; the smallest such t (that is, the minimum
annihilator of N(X)/Pic(X) may be called the denominator of X . Now if (X,L)
is any Q-polarized variety and p ∈ X a smooth point, the ’local degree’
δ(L, p)
is defined to be the supremum of real numbers δ such that for all rational numbers
d < δ and k ≫ 0, the natural map
H0(kL)→ kL⊗OX/m
kd
p ,
is not injective, i.e. such that
{D ∈ |kL| : ord p(D) ≥ kd} 6= ∅
and
δ(L) = inf(δ(L, p) : p ∈ Xsmooth).
By Riemann-Roch, clearly
Ln ≤ δ(L)n,
an inequality which is sometimes strict (see Example 3.4 below).
To state our result we need one more definition. A normal, Cohen-Macaulay
variety X is said to be 1-canonical if for any resolution ǫ : X ′ → X , the differential
ǫ∗(ΩX)
dǫ
→ ΩY
factors through a map
ǫ∗(Ω∗∗X )→ ΩY .
In other words, 1-forms on the smooth part of X lift to holomorphic forms on Y .
Thus, 1-canonical is precisely the analogue for 1-forms of the condition defining
canonical singularities. Note that the 1-canonical condition is automatically sat-
isfied if Ω∗∗X = ΩX/(torsion). This condition is not too restrictive in view of the
following Lemma, whose proof is given at the end of the Introduction:
Lemma 0. If X is locally a finite quotient of a complete intersection Z with Z
nonsingular in codimension 2, then X has 1-canonical singularities.
Our main result is the following (we work over C):
3Theorem 1. Let X be an n-dimensional unipolar Q-Fano variety of index i . Then
(i) if X has log-terminal 1-canonical singularities, we have
(0.1) δ(−KX) ≤ max(in, n+ 1);
(ii) if the tangent sheaf TX = (ΩX)
∗ is semistable (with respect to −KX) (sin-
gularities only assumed normal), we have the sharp estimate
(0.2) δ(−KX) ≤ 2n.
Corollary 2. For X log-terminal 1-canonical t-factorial as above , we have
(−KX)
n ≤ tn(n+ 1)2n;
if X is locally factorial (e.g. smooth) of index 1, then
(−KX)
n ≤ (n+ 1)n;
if X is smooth and not Pn or a quadric, then
(−KX)
n ≤ ((n− 1)(n+ 1))n;
if X is terminal and n = 3, then
(−KX)
3 ≤ 46i3C .
proof. Follows from the following Lemma, also proved at the end of the Introduction
(I am indebted to J. McKernan for pointing our an egregious error in an earlier
statement of this, and for suggesting the correction).
Lemma 3. For X t-factorial as above (only assumed normal) , we have
(i) i(X) ≤ t(n+ 1);
(ii) if X is smooth and i(X) = n+ 1 or n then X is Pn or a quadric;
(iii) if n = 3 and X is terminal, then t ≤ iC .
For X a smooth unipolar Fano of index 1, Reid [ReMii] has shown that TX
is stable. It is unknown whether the same holds without the index 1 hypothesis.
Smooth unipolar Fanos with i = n− 1 have been classified by Fujita [Fu]; for those
with i = n − 2 a classification has been announced by Mukai [Mu]. Interestingly,
while the smaller the index, the more difficult the classification, our bound looks
best in small-index cases.
Corollary 4. For any t, n > 0, the family of n-dimensional unipolar t-factorial
Fano varieties X with log-terminal 1-canonical singularities is bounded.
proof. In view of Theorem 1, this follows from a result of Kolla´r [Koef] which says
that there exists N = N(k, n) such that if −kKX is cartier then −kNKX is very
ample (in the smooth case it also follows from the big Matsusaka theorem). 
4The existence of a universal bound on the anticanonical degrees of all smooth
unipolar Fano manifolds of given dimension, and hence their boundedness as a fam-
ily, was known previously by works of Campana, Kolla´r-Miyaoka-Mori and Nadel,
see [K] for an exposition and references. In particular Kolla´r-Miyaoka-Mori give the
bound (−KX)
n ≤ (n(n+ 1))n for X smooth. The singular case is rather different,
and I am grateful to J. McKernan for a crash course on this. Already in dimension
2 the set of log-terminal unipolar Q-Fanos, as well as their denominators t and
degrees K2, are unbounded, the simplest example, suggested by McKernan, being
the cone over a rational normal curve; see [KeMcK] for many more examples. It has
been conjectured by Alexeev, and proven by him in dim. 2 [A], that bounding the
log-discrepancy by ǫ > 0 yields a bounded family, and Kawamata [Ka] and Borisov
[Bor] have proven that in dim. 3, assuming X terminal (resp. bounding the Cartier
index) does the same. Batyrev [B3] has conjectured that the Q−Fano n−folds of
bounded Cartier index form a bounded family.
The bound (−KX)
n ≤ (n+ 1)n, which would evidently be sharp (e.g. X = Pn)
has apparently been conjectured for X smooth; it is false in the non-unipolar case
by Batyrev’s example [b], namely X = PPn−1(O ⊕O(n− 1)).
Corollary 5. Let X be a smooth Fano n−fold with ρ = 1 which is deformable to
one admitting a Ka¨hler-Einstein metric. Then (−KX)
n ≤ (2n)n.
proof. It is well known that existence of a Ka¨hler-Einstein metric implies TX stable,
so we can use Theorem 1 (ii).
Apparently, it is generally conjectured that all (smooth) Fano manifolds with
ρ = 1 should admit Ka¨hler-Einstein metrics (a fortiori be deformable to ones that
do). On the other hand, it is easy to make examples of singular Fano n-folds X with
(−KX)
n > (2n)n, and we conclude that these all have unstable tangent sheaves.
Our proof resembles others in focusing on the existence of a section s ∈ H0(−kK)
having a zero of high order (roughly kδ(−KX)) at a general point p ∈ X , but is
more ’elementary’ in that rational curves and bend-and-break are not used. Rather,
the basic idea is to consider a sheaf Dj(−kK,O) of differential operators on a pluri-
anticanonical bundle, k ≫ 0, showing that this restricts to a semipositive bundle
on a sufficiently ample and general curve-section C of X (through p), provided,
roughly, that j/k ≥ i(n+1) (log-terminal 1-canonical case) or j/k ≥ 2n (semistable
case). Evaluation on s reduces the vanishing order by at most j, and this yields a
contradiction if δ(−K) is too large.
The paper is organized as follows. Sect. 1 gives various preliminary results,
mostly well known, on differential operators and slopes in general. Sect. 2 develops
slope estimates for sheaves of differential operators. In sect. 3 we prove generic
positivity of the tangent sheaf TX ; the method is cohomological, and it is here that
assumptions on the singularities of X come into play. The argument is concluded
in Sect. 4. For a rough idea of the proof, the reader may wish to start with Sect.
4, referring back as necessary.
Acknowledgement. I would like to thank Professor Dr. E. Viehweg for pointing
out Lemma 1.1, Professors P. Burchard, J. Kolla´r and R.K. Lazarsfeld for helful
communications, Professor J. McKernan for several helpful comments, in particular
for pointing out an error in an earlier statement of Lemma 2 as well as suggesting
the correct statement, and most especially Professor H. Clemens for patiently and
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would like to emphasize my debt to several important papers by Y. Miyaoka.
proof of Lemma 0. First, if Z is a local complete intersection with singular locus S
of codimension ≥ 3, we have an exact conormal sequence
0→ rOZ → (n+ r)OZ → ΩZ → 0.
Now it is standard from this sequence that ΩZ is reflexive: indeed, denoting by
j : Z − S → Z the inclusion, we have OZ = j∗j∗OZ by normality and R1j∗j∗OZ =
H2S(OZ) = 0 by depth considerations, hence ΩZ → j∗j
∗ΩZ is an isomorphism.
Next, writing locally X = Z/G, note that we have, for any G− modules A,B,
split epimorphisms
A→ AG, B → BG,Hom(A,B)G → Hom(AG, BG),
whence a split epimorphism
Hom(ΩZ ,OZ)
G → Hom(ΩGZ ,O
G
Z ).
Applying this twice and using the previous result, we get a split epimorphism (where
+ temporarily denotes Hom(·,OGZ = OX))
ΩGZ = (Ω
∗∗
Z )
G → (ΩGZ )
++,
which easily implies that ΩGZ is a reflexive OX -module. In view of the natural map
ΩX → Ω
G
Z , which is generically an isomorphism, it follows that
ΩGZ = Ω
++
X .
Now consider a resolution ǫ : X ′ → X, and let Z ′ be a resolution of X ′×X Z, so
we have a diagram
Z ′ → Z
↓ ↓
X ′ → X
We have a pullback map ΩGZ ⊂ ΩZ → ΩZ′ . On the other hand as X
′ is smooth, we
can map ΩZ′ → ΩX′ by the trace, whence a map Ω
++
X → ΩX′ . 
proof of Lemma 3. (i) This argument is due in the smooth case to Kobayashi-
Ochiai, see [K]. We will prove more generally that the largest rational r ∈ Q such
that −KX = rD with D Cartier satisfies
r ≤ n+ 1.
Write −KX = iL with tL Cartier. It suffices to prove that
i/t ≤ n+ 1.
Let ǫ : Y → X be a resolution and write
KY = ǫ
∗KX + E
6with E an exceptional Q- divisor (not necessarily effective), andM = ǫ∗L (pullback
As Q−Cartier divisor) which is nef and big and tM is integral.On the one hand,
for all integers 0 ≤ j < n, a > 0 we have by Kawamata-Viehweg
Hj(−atM) = 0.
On the other hand, we have by Serre duality
hn(−atM) = h0(KY + atM).
Now take u sufficiently large and divisible and write
h0(u(KY + atM)) = h
0(u(at− i)M + uE).
As bM is effective and nontrivial for b ≫ 0 and as there is clearly no nonconstant
rational function on Y with poles only on suppE, the latter is 0 whenever at < i,
hence in this case
hn(−atM) = 0.
Thus the nth degree polynomial χ(−atM) vanishes for all integers a ∈ (0, i/t),
hence i/t ≤ n+ 1, which proves our assertion.
(ii) See [K].
(iii)See [Kea], 6.7.2 (see also 6.11.5 for a more complicated bound for log-terminal
threefolds). 
1. Preliminaries.
1.1 Differential operators.
For a normal variety X , a torsion-free OX -module M and a locally free module
N we denote by Di(M,N) or DiX(M,N) the sheaf of (holomorphic) i-th order
differential operators on M with values in N , i.e. Hom (P i(M), N) where P i
denotes the i-th principal parts (or jet) sheaf. For i = 1 we have an exact sequence
ΩX ⊗M → P
1(M)→M → 0
which is left-injective and locally split over the open set reg(M) where M is locally
free, and induces
0→ Hom(M,N)→ D1(M,N)→ Hom(M,N ⊗ TX)
(where TX = (ΩX)
∗)), which is right-surjective over reg(M), and in particular
induces an exact sequence (called the Atiyah sequence)
0→ Hom(M,N)→ D1(M,N)→ G→ 0
where G is isomorphic over reg(M) (a fortiori in codimension 1) to TX ⊗M
∗ ⊗N
Note that Di(M,N) forms an OX -bimodule, and in fact there is a natural map
N ⊗Di(O,O)⊗M∗ → Di(M,N)
which is an isomorphism over the open set whereM is locally free and X is smooth.
As is well known for X smooth, the action of TX by Lie derivative on KX gives rise
to an identification
Di(O,O) = Di(KX , KX)
op, op = opposite bimodule,
hence for M,N locally free Di(M,N) = Di(N∗ ⊗KX ,M∗ ⊗KX)op.
71.2 The sheaves Di,1.
As a convenient intermediate object for passing from Di(M,N) to Di+1(M,N)
we will consider the sheaf
Di,1(M,N) = D1(P i(M), N).
Note the following sequences which are defined for allM,N and exact over reg(M):
0→ Di,1(M,N)→ Di+1,1(M,N)→ D1(Si+1(ΩX)⊗M,N)→ 0
(1.1)
0→ Di(M,N)→ D1,i(M,N)→ TX ⊗D
i(M,N)→ 0
(1.2)
Combining the evident pairing Di,1(M,N)×P i(M)→ N with the canonical i-th
order differential operator M → P i(M), we get a pairing Di,1(M,N) ×M → N
which is easily seen to be a differential operator of order i + 1 on M , hence yields
a natural map
Di,1(M,N)→ Di+1(M,N).
By an induction using (1.1) we see easily that this map is surjective locally over
the open set where M,N are locally free and X is smooth: indeed over this open
set we have an exact diagram
0 → Di,1(M,N) → Di+1,1(M,N) → D1(Si+1ΩX ⊗M,N) → 0
↓ ↓ ↓
0 → Di+1(M,N) → Di+2(M,N) → M∗ ⊗N ⊗ Si+2TX → 0
where the left (resp. right) vertical arrow is surjective by induction (resp. the
Atiyah sequence).
Using the natural map H0(M)→ H0(P i(M)), the sequence (1.2) gives rise to a
pairing
(1.3) ∗ : Di,1(M,N)⊗C H
0(M)→ T ⊗N
which is clearly left OX -linear.
Now as functor in M , note that P i(M) is exact over the smooth part of X ,
because the i-th neighborhood of the diagonal in X × X is flat over the smooth
part of X . Consequently Di(M,N) is right-left exact over the smooth part, i.e. an
exact sequence
0→M ′ →M →M ′′ → 0
induces
(1.4) 0→ A′′ → Di(M,N)→ A′ → 0
exact with A′′ and A′ isomorphic in codimension 1 to Di(M ′′, N) and Di(M ′, N),
respectively.
Note in particular that all of the above exactness statements hold in a neighbor-
hood of a generic curve-section.
81.3 Splitting properties.
As is well known for M,N locally free and X smooth the extension class of the
Atiyah extension
0→M∗ ⊗N → D1(M,N)→ TX ⊗M∗ ⊗N → 0
as left modules is induced from the Atiyah Chern class of M , and in particular
is nontrivial if M has some nontrivial (ordinary) Chern class and N 6= 0. As
Viehweg kindly pointed out to me, this remark may be considerably strengthened
if c1(M)
n 6= 0. First a definition. An exact sequence of locally free sheaves on X :
(1.5) 0→ E → F → G→ 0
is said to be strongly nonsplit if the associated extension element in H1(G∗ ⊗ E)
does not lie in the image of H1(A) → H1(G∗ ⊗ E) for any lower-rank subsheaf
A ⊂ G∗ ⊗E. If E is invertible, this means precisely that the extension F does not
come from a locally split extension of any lower-rank subsheaf of G. Notice that
if F is of rank 2, i.e. E,G are both invertible, strongly nonsplit is equivalent to
nonsplit.
On the other hand an extension of torsion-free sheaves (1.5) is said to be quasisplit
if it lies in the image of the natural map
Ext1(G′, E)→ Ext1(G,E)
for some torsion-free lower-rank quotient G′ of G; G′ or the corresponding (non-
trivial, saturated) subsheaf of G is called a quasisplitting. Thus, a non-quasisplit
extension is one that does not come from any extension, locally split or not, of a
lower-rank subsheaf of G. Note that a strongly nonsplit extension (even of vector
bundles) may well be quasisplit, as there will in general be nonlocally- free sub-
sheaves G′ and they will admit nonlocally split extensions inducing locally split
extensions of G.
The following result, pointed out by Viehweg, will not be needed in the sequel,
but is good for motivation:
Lemma 1.1. (Viehweg): Let Xn be smooth compact, L a line bundle on X with
c1(L)
n 6= 0, A ⊂ Ω1X a subsheaf of rank < n. Then the extension class c1(L) ∈
H1(Ω1X) is outside the image of H
1(A). Hence the extensions defining P 1(L) and
D1(L,O) are strongly nonsplit
Proof. Suppose c1(L) comes from an element α ∈ H
1(A). Then we may represent
c1(L) by a suitable Cˇech cocycle z with values in A. As A has rank < n, the cup-
power zn, which represents c1(L)
n ∈ Hn(ΛnΩ1X) must vanish ’point-by point’(even
as a cocycle), against our hypothesis c1(L)
n 6= 0. 
1.4 Slopes: curve case.
We begin by reviewing some definitions and facts about bundles on curves and
their slopes (see [S],[SB], [MehR] for details). For a vector bundle E on a smooth
curve, we denote by µ(E) its slope, i.e.
µ(E) = deg(E)/rk(E),
9by µ
′
(E) the ’shifted’ slope
µ
′
(E) = deg(E)/(rk(E) + 1)
and by µmax(E) and µmin(E) (resp µ
′
max(E) and µ
′
min(E)) the largest (resp. small-
est) slopes (resp. shifted slopes) of a subbundle (resp. quotient bundle) of E. As
is well known, the former coincide respectively with the slopes of the first and last
associated gradeds of the Harder-Narasimhan (HN) filtration of E. See op. cit.
for various basic properties of these invariants. One property we need which is not
mentioned there is behaviour with respect to duality, viz.
µmin(E) = µmax(E
∗).
This can be checked easily.
1.5 Slopes: higher-dimensional case.
Now given a (normal projective) variety X we shall henceforth denote by C a
sufficiently general sufficiently ample curve-section ofX (say with respect to a given
polarization H), and define slopes of a torsion-free sheaf E on X by restricting on
C. The results of [MeR], which show that an H−semistable sheaf of X restricts
to a semistable one on C, imply that these slopes coincide with those based on
H−semistabilty on X ; in particular they are independent of the choice of C and
µmin(E) coincides with the slope of the last associated graded of the HN filtration
of both E and E|C ., which are compatible (i.e. the former restricts to the latter).
Also various linear algebra type properties of slopes carry over from C to X , and
two torsion-free sheaves which are isomorphic in codimension one have the same
slopes. E is said to be generically (semi)positive if µmin(E) > (≥)0. Naturally the
slopes of an arbitrary coherent sheaf are defined to be those of its largest torsion-free
quotient.
1.6 Slopes in an extension.
Now we want to give a simple remark concerning the behavior of slopes under
extension. To this end we introduce the following invariant
a = a(X,H) = min{A.Hn−1 : A ⊂ X nontrivial effective Weil divisor}.
Note that for X unipolar Q-Fano and notations as above) we have
a ≥ −KX .H
n−1/i ≥ −KX .Hn−1/(n+ 1)
as i ≤ n + 1 (Lemma 2). It will be convenient to abuse notation a bit and assume
C ∼ Hn−1.
Lemma 1.2. Let 0 → E → F → G → 0 be an extension of torsion-free sheaves
on X with F of rank r + 1 and E reflexive of rank 1. Then for any torsion-free
quotient F ′ of F that is not a quasisplitting, we have
(1.5) µ(F ′) ≥ min((
a+ E.Hn−1
s+ 1
+
s
s+ 1
µmin(G), s = 0, ..., r), µmin(G)).
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Proof. Let E′ ⊂ F ′ be the saturation of the image of E. Then G′ = F ′/E′ is
torsion-free of rank s say, and we have an exact diagram
0 → E → F → G → 0
↓ ↓ ↓
0 → E′ → F ′ → G′ → 0
↓ ↓
0 0
If E′ = 0 , then G ∼→G′, and the lower bound on µ(F ′) clearly holds . Otherwise,
E → E′ is injective. Suppose this map is surjective in codimension 1. Then so is
the composite map to the double dual E → E′ → E
′∗∗. But E
′∗∗ is reflexive, and
an injection of rank-1 reflexive sheaves which is surjective in codimension 1 is an
isomorphism (cf. [R]). It follows that E = E′ which contradicts our hypothesis that
F ′ is not a quasisplitting. Thus E → E′ must vanish on some nontrivial effective
divisor and again our estimate follows easily.
2. Slopes of differential-operator sheaves.
The purpose of this section is to give some slope estimates for sheaves of differ-
ential operators, culminating in Proposition 2.6 below, which is a (generic) semi-
positivity result for operators on suitable plurianticanonical bundles.
2.1 First-order estimates for rank 1.
The basic idea here is to apply Lemma 1.2 to sheaves of the form F = D1(L,O),
where L is an ample line bundle on our unipolar Q-Fano X , and F is considered as
an Atiyah extension. The problem is to deal with possible quasisplittings.
Lemma 2.1. For any rank-1 torsion-free sheaf L on X with L.C 6= 0 we have
(2.1) µmin(D
1(L,O)) ≥ −L.C + b
where
b = min(a, µ
′
min(T )).
proof. To begin with, there exists s > 0 so that L[s] := (L⊗s)∗∗ is invertible
D1(L,O) is isomorphic in codimension 1 to (hence has the same slopes as)D1T (L
[s],O)⊗
L[−s+1]. Thus there is no loss of generality in assuming L invertible.
Now suppose given a torsion-free quotient F ′ of D1(L,O) . If F ′ is not a qua-
sisplitting, i.e. L∗ does not map isomorphically to a saturated subsheaf of F ′, then
Lemma 2.1 applies and note that the RHS of (2.1) in this case is just
−L.C +min(a, µmin(T )) ≥ −L.C + b,
hence
µ(F ′) ≥ −L.C + b.
Otherwise, F ′ is a quasisplitting, so we get a saturated subsheaf T0 ⊆ T so that the
Atiyah extension splits over T0 ⊗L
∗. If T0 6= T , then obviously µ(F ′) ≥ −L.C + b.
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If T0 = T , the Atiyah extension for L splits at least over the smooth part of X and
in particular over C. This clearly implies that the Atiyah extension for L ⊗ OC
splits,which implies that L⊗OC is flat, hence L.C = 0 which is impossible. 
2.2 First-order estimates for higher rank.
We shall next extend Lemma 2.1 to higher-order operators.
Lemma 2.2. If E is a torsion-free generically positive sheaf on X, then
µmin(D
1(E,OX)) ≥ µmin(E
∗) + b
(Here and elsewhere Di are considered as left OX -modules unless otherwise spec-
ified).
Proof. If E has rank 1, the assertion follows directly from Lemma 2.2. In the
general case rank E = ρ we may use the HN filtration E. of E and the map
D1(Ei−1,O)→ D1(Ei,O)/D1(Ei/Ei−1,O),
(cf. (1.3)), which is an isomorphism in codimension 1, to reduce to the case E
semistable. Then use in a similar manner a Seshadri stable filtration to reduce to
the case E stable (i.e. E|C stable, cf. [S]). At this point let us fix C and consider
a suitable unbranched degree- d cyclic cover
π : U ′ → U
of a tubular neighborhood of C in X where π∗ det(E) admits a ρ-th root L, so we
may write
π∗E = F ⊗ L
where c1(F ) = 0. Let C
′ = π−1(C). Note that L.C′ = dc1(E).C = dµmin(E). We
compute:
µmin(D
1
U ′(L,OC′)) = µmin(L
ρ−1 ⊗D1U ′(L
ρ,OC′)) =
= (ρ− 1)L.C′ + µmin(π∗D1X (detE,OC)) = (ρ− 1)L.C
′ + dµmin(D1(detE,OX)) ≥
≥ (ρ− 1)L.C′ + d(detE∗.C + b) = −L.C′ + db = d(µmin(E∗) + b).
(The inequality follows from the rank-1 case) Now note that D1U ′(π
∗E,OC′) de-
pends only on the restriction of π∗E on the first-order neighborhood C1 of C′ in
U ′, and that C1 coincides with the first-order neighborhood of the zero-section of
the normal bundle N to C′ in U ′, hence admits a projection map p : C1 → C′ and
a scaling action, i.e. a family of endomorphisms {φt, t ∈ C} given by multiplication
by t on a fibre of N . This gives rise to a family of sheaves
{Ft = φ
∗
t (F ) : t ∈ C}
with Ft ≃ F for all t 6= 0 and F0 = p
∗(F |C′). Now by an easy general remark about
bundles on curves, the pullback of a stable bundle by an unramified cyclic cover is
stable. Consequently, as E|C is stable, so is π
∗E|C′ , hence also F |C′ , so that F |C′
12
has the form F ⊗OC′ for some locally constant sheaf F on C
′. As µmin decreases
under specialization, we get the estimate
µmin(D
1(E,OC)) = (1/d)µmin(D
1
U ′(π
∗E,OC′)) = (1/d)µmin(D1U ′(F ⊗ L,OC′))
≥ (1/d)µmin(D
1
U ′(F0 ⊗ L,OC′)) = (1/d)µmin(F
√
⊗C D
1
U ′(L,OC′))
= (1/d)µmin(D
1
U ′(L,OC′)) ≥ b+ µmin(E
∗).

2.3 Higher-order estimates.
Next we extend this slope estimate to higher order, via the sheaves Dm,1. First
observe the standard formula
c1(D
m(E,OX)) =
(
r +m
r + 1
)
ρc1(T ) +
(
r +m+ 1
r
)
c1(E
∗).
Then a straightforward induction based on Lemma 2.2 plus the surjectionD1,m(E,OX)→
Dm+1(E,OX) yield:
Lemma 2.3. In the above situation we have
µmin(D
m+1(E,OX)) ≥ µmin(D
m,1(E,O)) ≥ min(0, µmin(E
∗) + (m+ 1)b).
Proof. To begin with, the first inequality is immediate from the map Dm,1(E,O)→
Dm+1(E,O) which is surjective in codimension 1. Now by induction on m, if Q is
any quotient of the HN filtration F. of Dm(E,O), then
µmin(E
∗) +mb ≤ µ(Q).
Now either µ(Q) < 0, in which case, Q∗ being semistable, Q∗ is generically positive
and so by Lemma 2.3
µmin(D
1(Q∗,O)) ≥ µmin(E∗) + (m+ 1)b;
or else µ(Q) ≥ 0, in which case clearly µmin(D
1(Q∗,O)) ≥ 0. Using (1.3) as above F.
induces a filtration on Dm,1(E,O) whose quotients are isomorphic in codimension
1 to the D1(Q∗,O), hence satisfy the above inequality, so the Lemma holds. 
Specializing to the case of a line bundle, we conclude
Lemma 2.5. Let L be a line bundle on X and m any integer satisfying
m ≥
L.C
b
− 1
Then, in the above situation, Dm,1(L,OX) and D
m+1(L,OX) are generically (left)
semipositive
Specializing further to the case L = k det(T ), we get the following useful estimate
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Proposition 2.6. Let X be a complex unipolar Q-Fano variety. Then Dαk,1(−kK,OX)
and Dαk+1(−kK,OX) are generically semipositive provided αk is an integer and
(2.5) α ≥ max(−K.C/µ
′
min(T ),−K.C/a).
proof. Observe that the RHS of the above inequality on α is just −K.C
b
, hence by
hypothesis there exists an integer m with −K.C
b
k − 1 ≤ m < k(r + 1). so that
the hypotheses of Lemma 2.5 are satisfied, hence Dm,1(−kK,OX) is generically
semipositive, which easily implies that so is Dαk,1(−kK,OX) since αk ≥ m, hence
so is Dαk+1(−kK,OX). 
To take advantage of this result, it is convenient to introduce the following defi-
nition. For a Q-divisor L, we define the ’differential degree’
γ(L) ∈ R ∪ {∞}
as the inf of all m ∈ Q such that for all α > m and all k sufficiently large and divis-
ible, Dαk(kL,OX) is generically semipositive. Thus the conclusion of Proposition
2.6 can be rephrased as the estimate
(2.6) γ(−K) ≤ max(−K.C/µ
′
min(T ),−K.C/a).
3. Positivity of TX .
By definition, a Fano variety X has a tangent sheaf TX which is positive ’on
average’. The purpose of this section is to show that, with suitable extra hypotheses,
TX is actually positive on a generic curve-section. We will prove the following result,
which is apparently well known in the smooth case (and which also is the only place
where log-terminal 1-canonical singularities are used).
Proposition 3.. If X is Q-Fano unipolar with log-terminal 1-canonical singulari-
ties then TX is generically positive.
proof. Let
TX → Q→ 0
be a quotient of rank r > 0 and c1 ≤ 0, corresponding to a reflexive saturated
subsheaf Q∗ ⊂ Ω∗∗X and to a section
u ∈ H0(Q∗∗ ⊗ Ω∗∗X ).
Note r < n and set
M = c1(Q
∗) = (
r∧
Q∗)∗∗.
This is a divisorial sheaf which is either numerically trivial or ample (i.e. for
some s > 0, M [s] is Cartier and either numerically trivial or ample; note that
M∗[s] =M [−s] is then Cartier as well ). We consider resolutions
ǫ : Y → X
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with exceptional locus
⋃
Ei a divisor with simple normal crossings, and with further
good properties to be specified. Write
ǫ∗(M [s]) =: sN1
for a Q-divisor N1 on Y . Note that if M
[s] is numerically trivial then so is N1 (and
in this case N1 is actually integral, since numerically trivial divisors are divisible),
while if M [s] is ample then sN1 −
∑
eiEi is ample for 0 < ei ≪ 1, hence we can
write
N1 = A1 + F1
where A1 is Q-ample and F1 is Q- effective with simple normal crossing support
and integral part [F1] = 0. Now the following general result is a sort of ’embedded
resolution’ for sheaves and is elementary but worth noting:
Lemma 3.2. Given a torsion-free sheaf S on Y , there is a blowup η : Z → Y such
that η∗S/(torsion) is locally free.
proof. Let α : F → S be a surjection with F locally free (in fact of the form ⊕H∗
with H sufficiently ample), and consider the ’canonical resolution’ of α, i.e. let Y ′
be the subvariety of the Grassmann bundle
π : G(r, F )→ Y, r = rank(F )− rank(S)
defined as the zero-locus (with the reduced structure) of the natural map Sub →
π∗S, where Sub denotes the tautological subbundle, with natural map β : Y ′ → Y .
Clearly β is birational. Let Z be a desingularization of Y ′ with natural map η : Z →
Y , and Q the pullback of the tautological quotient bundle on G(r, F ) to Z. Then
there is an induced surjection Q→ η∗S, and the induced map Q → η∗S/(torsion)
is surjective and generically injective, hence an isomorphism. 
It follows in our situation that we may assume
−N := ǫ∗(M∗)/(torsion)
is invertible and that ǫ∗(Q∗∗)/(torsion) is locally free. Note that
c1(ǫ
∗(Q∗∗)/(torsion)) = −N.
Now the multiplication map
(ǫ∗(M∗))⊗s = ǫ∗((M∗)⊗s)→ ǫ∗(M [−s])
gives rise to a sheaf inclusion −sN ⊂ −sN1, which is an equality locally off the
exceptional locus. Consequently we may write in case M is numerically trivial
N = R+ S
with R numerically trivial and S =
∑
eiEi, ei ∈ Q
≥0. If M is ample we write
N = A+B + F
with A Q-ample, B effective integral and F Q-effective with normal crossing sup-
port and [F ] = 0(i.e. B + F = S as above).
Now by our hypothesis of 1-canonical singularities the differential of ǫ factors
through a map
dǫ : ǫ∗(Ω∗∗X )→ ΩY
and df(f∗u) yields a section v ∈ H0(ΩY ⊗ f∗(Q∗∗)); by rank considerations the
component of Sym2rv inH0(ΩrY ⊗
∧r
f∗(Q∗∗)) is nonzero, whence a nonzero section
O → ΩrY (−N).
Now our assertion follows from
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Lemma 3.3. In the above situation, we have H0(ΩrY (−N)) = 0.
proof. First, if M = OX then N = OY . By Hodge symmetry it suffices to prove
Hr(OY ) = 0.
Now by [KaMaMa],Thm. 1-2-5 (log-terminal Kodaira vanishing), we have
Hi(OX) = 0
for i > 0, and by op. cit. Thm 1-3-6 (rationality of log-terminal singularities) we
have
Riǫ∗(OY ) = 0
for i > 0. Hence by Leray Hr(OY ) = 0, as required.
Next, if M is numerically trivial, then as we have just proven H1(OY ) = 0, we
have R = 0, hence N is Q-effective exceptional. On the other by definition −N is
effective in a neighborhood of any fibre of ǫ, and it follows that N is trivial, so we
are done as above.
Now assume M is ample. Mimicking the usual proof of Kawamata-Viehweg as
in [KaMaMa], Thm. 1-1-1, consider a suitable finite Galois cover
τ : Z → Y
with Z smooth so that τ∗A is integral and
ΩrY (−A−B − F )→ τ∗τ
∗(ΩrY (−A−B)
is a direct summand inclusion, and note the injection
τ∗(ΩrY )→ Ω
r
Z .
By Nakano,
H0(ΩrZ(−τ
∗A)) = 0,
hence H0(ΩrZ(−τ
∗(A+B)) = 0, hence H0(τ∗(ΩrY (−A−B)) = 0, hence clearly
H0(ΩrY (−A−B − F )) = 0. 
4. Conclusion.
We continue with the notation of Proposition 2.6, and seek firstly to estimate
the RHS of (2.5).
Proposition 4.1. In the above situation we have (i) ifX is log-terminal 1-canonical,
(3.1) µ
′
min(T ) ≥
−K.Hn−1
max(in, n+ 1)
;
(ii) if T is semistable,
(3.2) µ
′
min(T ) ≥
−K.Hn−1
2n
.
proof. (i) This follows directly from Proposition 3.1 and the definition of index.
(ii) Semistability means that any torsion-free quotient Q of T of rank r > 0 has
µ(Q) ≥ −K.H
n−1
n
, hence
µ
′
(Q) =
r
r + 1
µ(Q) ≥
1
2
µ(Q) ≥
−K.Hn−1
2n
.

In light of Propositions 4.1 and 2.6, Theorem 1 follows immediately from the
following easy remark
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Lemma 4.2. For any Q-ample divisor L, we have
δ(L) ≤ γ(L).
proof. . If not, pick a rational number
α ∈ (γ(L), δ(L)).
Then we have that for k sufficiently large and divisible,
Dαk(kL,OC) is semipositive.
Now the evaluation map gives rise to a (left OC-linear) map
Dαk(kL,OC)→ H
0(kL)∗ ⊗OC .
By definition of δ(L), we can find, for a suitably small ε > 0, a nontrivial section
s ∈ H0(kL) with ordp(s) ≥ (α+ ε)k, p ∈ X general.
Projecting H0(kL)∗ onto (Cs)∗ = C, we get a map
ϕ : Dαk(kL,OC)→ OC .
Choosing C, s sufficiently general mutually, clearly we can assume ϕ is nontriv-
ial. Moreover ϕ evidently factors through OC(−εkp), which is a negative sheaf,
contradicting semipositivity of Dαk(kL,OC). 
Example 4.3 Let X be a smooth hypersurface of degree d ≤ n + 1 in Pn+1,
n ≥ 3. Then X is Fano of index i = n+2−d and the tangent bundle TX is stable by
[PeW]. By Propositions 2.6 and 4.1, Dαk(−kKX ,OC) is semipositive for α ≥ 2n.
On the other hand, given a general point p ∈ X , let u ∈ H0(OX(1)) be the section
defining the tangent hyperplane at p, and s = uik ∈ H0(−kKX), which has order
2ik at p,showing in particular that δ(−KX) ≥ 2i, so the estimate (0.2) is sharp for
d = 2. Further, choosing things generally enough so that C passes through p but
is not contained in the tangent hyperplane at p, we get as above a nonzero map
ϕ : Dαk(−kKX ,OC)→ OC .
For any α < 2i, this map clearly factors through OC(−p), and consequently
Dαk(−kKX ,OX) is not generically semipositive. In particular, for d = 2 the esti-
mate of Propositions 2.6 and 4.1 is sharp as well, i.e. Dαk(−kKX ,OX) is generically
semipositive iff α ≥ 2n, and thus δ(−KX) = γ(−KX).
Note that this example shows that it can happen that Ln < δ(L)n. This means
that the natural mapH0(−kKX)→ −kKX⊗OX/m
N
p is not necessarily of maximal
rank for all k,N ≫ 0 and p ∈ X general.
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